Introduction {#Sec1}
============

In the paper \[[@CR12]\], the present authors proposed a new practical algorithm for solving a class of elliptic partial differential equations with coefficients given by statistically homogeneous lognormal random fields---and in particular for computing expected values of spatial functionals of such solutions. In this algorithm, the required expected value is written as a multidimensional integral of (possibly) high dimension, which is then approximated by a quasi-Monte Carlo (QMC) method. Each evaluation of the integrand is obtained by using a fully discrete finite element (FE) method to approximate the PDE. A key original feature of the method in \[[@CR12]\] was the procedure for sampling the random field: instead of sampling the continuous random field by a truncated Karhunen--Loève (KL) expansion, the field was sampled discretely on a regular grid covering the domain and then interpolated at the (irregularly spaced) quadrature points. This completely eliminated the problem of truncation error from the KL expansion, but requires the factorisation of a dense matrix of dimension equal to the number of sample points. In \[[@CR12]\] this was done using a circulant embedding technique. The method was found to be effective even for problems with high stochastic dimension, but \[[@CR12]\] did not contain a convergence analysis of the algorithm.

The main purpose of the present paper is to provide an analysis for a method closely related to that of \[[@CR12]\], with an error bound that is independent of stochastic dimension, and a convergence rate faster than that of a simple Monte Carlo method. The setting differs in two ways from \[[@CR12]\]: first, the FE method considered here is the standard nodal FE method for elliptic problems, whereas in \[[@CR12]\] the mixed FE method was used; and second, the QMC method considered here is a specially designed randomly shifted lattice rule (see ([1.12](#Equ12){ref-type=""}) below), instead of using Sobol' points as in \[[@CR12]\]. (We expect the present analysis can be extended to mixed FEs using results in \[[@CR14]\], but do not attempt this here.)
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                \begin{document}$$\partial D$$\end{document}$ of *D*. The spatial domain *D* is allowed to be irregular but we assume for convenience that it can be embedded in the *d*-dimensional unit cube; this is always possible after a suitable affine scaling. (The length-scale of our random field is therefore always considered with respect to the unit cube.) The driving term *f* is for simplicity taken to be deterministic.
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In the present paper ([1.1](#Equ1){ref-type=""}) is discretised by piecewise linear finite elements in space, using simplicial meshes with maximum diameter *h*, and a simple low order quadrature rule for suitable approximation of the associated stiffness matrix. In consequence, the only values of the stochastic coefficient $\documentclass[12pt]{minimal}
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At this stage of the algorithm, the output is the approximate FE solution $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{Z}}(\omega )$$\end{document}$ is a Gaussian random vector with a covariance structure inherited from the continuous field *Z*. Thus it has mean $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{{\varvec{Z}}} := (\overline{Z}({\varvec{x}}_1),\ldots ,\overline{Z}({\varvec{x}}_M))^\top $$\end{document}$ and a positive definite covariance matrix$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} R \,=\, [\rho ({\varvec{x}}_i-{\varvec{x}}_j)]_{i,j=1}^M. \end{aligned}$$\end{document}$$Because of its finite length, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{Z}}(\omega )$$\end{document}$ can be expressed exactly (but not uniquely) as a linear combination of a finite number of i.i.d. standard normal random variables, i.e., as$$\documentclass[12pt]{minimal}
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From now on, realisations of the random vector $\documentclass[12pt]{minimal}
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Then, a substantial part of the paper is concerned with the convergence of the QMC rules for ([1.8](#Equ8){ref-type=""}). In particular, we consider randomly shifted lattice rules,$$\documentclass[12pt]{minimal}
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Finally, combining ([1.11](#Equ11){ref-type=""}) and ([1.13](#Equ13){ref-type=""}), the overall error estimate is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} Q^{\text {MC}}_{s,N}(F) \, := \, \frac{1}{N} \sum _{k=1}^N F \left( \varPhi ^{-1}_s ({\varvec{w}}_k) \right) , \quad \text {with} \quad {\varvec{w}}_k \sim U[0,1)^s . \end{aligned}$$\end{document}$$The layout of the paper is as follows. The PDE with random coefficient and its FE approximation with quadrature are described in Sect. [2.1](#Sec3){ref-type="sec"}. The estimate ([1.11](#Equ11){ref-type=""}) is proved in Sect. [2.2](#Sec4){ref-type="sec"}. The QMC theory is given in Sect. [3](#Sec5){ref-type="sec"}. In particular, one of the key results proved in Sect. [3.3](#Sec8){ref-type="sec"} is the upper bound ([1.13](#Equ13){ref-type=""}). A sufficient condition on *B* for this result in the case of circulant embedding is identified in Sect. [3.4](#Sec9){ref-type="sec"}. The circulant embedding algorithm is summarised briefly in Sect. [3.4](#Sec9){ref-type="sec"} and we refer to \[[@CR13]\] for its theoretical analysis. Numerical experiments are given in Sect. [4](#Sec10){ref-type="sec"}, illustrating the performance of the algorithm on PDE problems on an irregular domain with corners and holes in two space dimensions, as well as on the unit cube in three dimensions.

Finite element implementation and analysis {#Sec2}
==========================================

In Sect. [2.1](#Sec3){ref-type="sec"}, we first give the algorithmic details of our practical finite element method, before proving error estimates for this method in Sect. [2.2](#Sec4){ref-type="sec"}, in particular Theorem [1](#FPar5){ref-type="sec"} and Corollary [1](#FPar7){ref-type="sec"}.

Model formulation and implementation {#Sec3}
------------------------------------

We start with ([1.1](#Equ1){ref-type=""}) written pathwise in weak form: seek $\documentclass[12pt]{minimal}
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To discretise ([2.1](#Equ15){ref-type=""}) in the physical domain *D*, let $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\mathcal {T}_h\}_{h>0}$$\end{document}$ denote a family of conforming, simplicial meshes on *D*, parametrised by the maximum mesh diameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\text {dim}(V_h) = \mathcal {O}(h^{-d})$$\end{document}$. This includes many locally refined mesh families, including anisotropic refinement in 3D (e.g., \[[@CR2], [@CR3]\]). Since any function in $\documentclass[12pt]{minimal}
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Let us further define an *r*-point quadrature rule on each element $\documentclass[12pt]{minimal}
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Using the rule ([2.5](#Equ19){ref-type=""}) to approximate all the integrals ([2.3](#Equ17){ref-type=""}) would require evaluating $\documentclass[12pt]{minimal}
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It follows from ([2.7](#Equ21){ref-type=""}) together with ([2.4](#Equ18){ref-type=""}) and ([2.5](#Equ19){ref-type=""}) that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \widehat{a}_\tau (\omega ) \,= \, \sum _{k=1}^r \sum _{i=1}^{2^d} \mu _{\tau ,k} \, w_{i,{\varvec{x}}_{\tau ,k}} a({\varvec{t}}_{i,{\varvec{x}}_{\tau ,k}},\omega ). \end{aligned}$$\end{document}$$The second result then follows from the definition of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_{\min ,M}(\omega )$$\end{document}$ and the fact that the coefficients $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _{\tau ,k}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_{i,{\varvec{x}}_{\tau ,k}}$$\end{document}$ are all positive and their sum is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\tau |$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Extending the notational convention ([1.9](#Equ9){ref-type=""}), we may thus write our discrete finite element method for ([2.1](#Equ15){ref-type=""}) as the problem of finding $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_h(\cdot , {\varvec{y}})$$\end{document}$ which satisfies$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathscr {A}_h({\varvec{y}};u_h(\cdot ,{\varvec{y}}),v_h) \ = \ \langle f,v_h\rangle , \quad \mathrm {for}\ \mathrm {all} \quad v_h \in V_h\, \quad {\varvec{y}}\in \mathbb {R}^s, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathscr {A}_h({\varvec{y}};w_h,v_h)$$\end{document}$ is identified with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathscr {A}_h(\omega ;w_h,v_h)$$\end{document}$.

Finite element error analysis {#Sec4}
-----------------------------
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There are two factors that limit the convergence rate of the finite element error: (i) the regularity of the coefficient field $\documentclass[12pt]{minimal}
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Thus, using similar techniques to those in the proof of \[[@CR21], Lem. 5.2\] it can be shown that ([2.10](#Equ24){ref-type=""}) holds with $\documentclass[12pt]{minimal}
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### Theorem 1 {#FPar5}
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### Proof {#FPar6}
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### Proof {#FPar8}

The proof follows, as in \[[@CR21], Lem. 3.3\], from Hölder's inequality using the fact that Theorem [1](#FPar5){ref-type="sec"} applies verbatim also to the FE error $\documentclass[12pt]{minimal}
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Using the techniques in \[[@CR21], §3\], this corollary can be extended in a straightforward way also to higher order moments of the error or to functionals $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2(D)$$\end{document}$. In summary, we have provided in this section a recipe for extending all results of \[[@CR21], §3\] to general meshes, with the random field being sampled on a regular grid and then interpolated onto the finite element grid.

QMC error analysis {#Sec5}
==================

The QMC theory for integrals of the form ([1.8](#Equ8){ref-type=""}) is set in a special weighted Sobolev space. Provided the integrand lies in this space, we obtain an estimate for the root mean square error when a specially chosen, randomly shifted lattice rule ([1.12](#Equ12){ref-type=""}) is used to approximate ([1.8](#Equ8){ref-type=""}). The cost for explicitly constructing a good rule tailored to our analysis with *n* points in *s* dimensions grows log-linearly in *n* and quadratically in *s* (cf. Remark [1](#FPar16){ref-type="sec"} below). However, applying the rule is essentially as cheap as obtaining samples from a random number generator, see, e.g., \[[@CR16], §7\]. Full details of the convergence theory are in other sources, e.g., \[[@CR11], [@CR16]\], so we will be brief here.

Later in this section we use this theory to estimate the error when the rule is applied to the particular *F* given in ([1.10](#Equ10){ref-type=""}). We assume first that the random field *Z* is sampled by employing the quite general factorisation ([1.7](#Equ7){ref-type=""}) of the covariance matrix *R*. Later, in Sect. [3.4](#Sec9){ref-type="sec"} we will discuss the case when this is done by circulant embedding.

Abstract convergence result and proof strategy {#Sec6}
----------------------------------------------

The relevant weighted Sobolev norm is defined as:$$\documentclass[12pt]{minimal}
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Regularity of *F* {#Sec7}
-----------------

In this subsection it is helpful to introduce more general partial derivatives than those mixed first order derivatives which appear in ([3.1](#Equ26){ref-type=""}). Thus for any multiindex $\documentclass[12pt]{minimal}
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### Theorem 3 {#FPar10}
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### Proof {#FPar11}

The proof is similar to that of \[[@CR11], Thm. 14\], but there are some differences due to the fact that we are working with the FE discretisation ([2.9](#Equ23){ref-type=""}) with quadrature and interpolation, and because of the finiteness of the 'expansion' ([1.6](#Equ6){ref-type=""}). (In \[[@CR11]\] an infinite KL expansion was used in the context of the continuous problem.)
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We can now use this theorem to show that *F* lies in the weighted Sobolev space characterised by the norm ([3.1](#Equ26){ref-type=""}). We make use of the *s*-dependent quantities$$\documentclass[12pt]{minimal}
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### Proof {#FPar13}
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Error estimate {#Sec8}
--------------

In order to obtain a dimension-independent estimate for the QMC method we need a stronger assumption on $\documentclass[12pt]{minimal}
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### Theorem 5 {#FPar14}
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### Remark 1 {#FPar16}
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QMC convergence in the case of circulant embedding {#Sec9}
--------------------------------------------------
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In the case of QMC sampling, the random sample $\documentclass[12pt]{minimal}
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### Example 1 {#FPar20}
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### Theorem 7 {#FPar21}

Consider the Matérn covariance family ([3.21](#Equ46){ref-type=""}) with $\documentclass[12pt]{minimal}
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In order to verify the QMC convergence estimate given in Theorem [5](#FPar14){ref-type="sec"} in the case of circulant embedding, we need to bound $\documentclass[12pt]{minimal}
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In \[[@CR13], §3\], we conjecture (with supporting mathematical arguments and empirical evidence) that the eigenvalues $\documentclass[12pt]{minimal}
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These conjectures will be investigated in detail in our numerical experiments in the next section. As we will see there, the theoretically predicted rates may be pessimistic. In the experiments here, we see nearly optimal QMC convergence, i.e., $\documentclass[12pt]{minimal}
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Numerical experiments {#Sec10}
=====================

In this section we perform numerical experiments on problem ([1.1](#Equ1){ref-type=""}) in 2D and 3D which illustrate the power of the proposed algorithm. Our quantity of interest will be the average value of the solution *u*$$\documentclass[12pt]{minimal}
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**Random field generation.** In all experiments the random coefficient *a* is of the form ([1.2](#Equ2){ref-type=""}) where *Z* is a Gaussian random field with the Matérn covariance ([3.21](#Equ46){ref-type=""}). We take the mean $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{y}}$$\end{document}$. This dependence is investigated in detail in \[[@CR13]\] (see Theorem [7](#FPar21){ref-type="sec"}). In Table [1](#Tab1){ref-type="table"}, we summarise the values of *s* for the different combinations of parameters.Table 1The values of *s* needed to ensure positive definiteness for different combinations of parameters in 2D and 3DThe numbers in round brackets show the cost of random field generation as a fraction of the total computational cost per sample. These numbers increase with increasing *s* (from left to right) for a fixed FE mesh. For reference, we also provide the number of elements (nbe) for each of the FE meshes

**FE solution of the PDE.** For each realisation of the random field (i.e., for each $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{y}}$$\end{document}$), we solve the PDE using a finite element (FE) method with piecewise linear elements on an unstructured grid produced with the help of the [Matlab]{.smallcaps} PDE toolbox. The quadrature rule for the matrix assembly is based on the mid point rule, where the values of the random field at the centroids of the elements are obtained by multi-linear interpolation of the values on the uniform grid, computed with circulant embedding (see ([2.6](#Equ20){ref-type=""}) and ([2.7](#Equ21){ref-type=""})). In order to balance the quadrature error and the FE discretisation error in light of Lemma [1](#FPar3){ref-type="sec"} and Theorem [1](#FPar5){ref-type="sec"}, the maximum FE mesh diameter is chosen such that $\documentclass[12pt]{minimal}
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                \begin{document}$$a \equiv 1$$\end{document}$, for all realisations. To find meshes with our desired maximum mesh diameters *h*, we gradually increase the maxt parameter of the [Matlab]{.smallcaps} adaptmesh command. Figure [2](#Fig2){ref-type="fig"} zooms in on the shaded region in the bottom left corner of each of the adaptive meshes to show the centroids of the triangles in relation to the uniform grids. The PDE is solved with the [Matlab]{.smallcaps} function assempde. For the 3D problem, we use the [Matlab]{.smallcaps} PDE toolbox to mesh and solve the PDE. The integral in ([4.1](#Equ49){ref-type=""}) is approximated by applying the midpoint rule on each of the elements in *T*. In 2D, the resulting linear system is solved with the default sparse direct solver ("backslash") in [Matlab]{.smallcaps}. We believe that that is also the solver used in the [Matlab]{.smallcaps} PDE toolbox for our 3D experiments, but we could not verify this.Fig. 1Adaptive FE mesh of an *L*-shaped domain with a hole. Left: $\documentclass[12pt]{minimal}
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                \begin{document}$$h = 0.015$$\end{document}$ (23,202 elements) Fig. 2A local view of the meshes from Fig. [1](#Fig1){ref-type="fig"}, showing the quadrature points at the centroids of the triangles (blue dots) and the uniform grid points where the random field is sampled (purple crosses). Left: $\documentclass[12pt]{minimal}
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As we can see from the fraction of time needed to construct the random field, which is shown in brackets in Table [1](#Tab1){ref-type="table"} for each case, the majority of time is spent on assembling and solving the FE systems. As expected this is even more pronounced in 3D, since sparse direct solvers are known to be significantly more expensive for 3D FE matrices with respect to the number of unknowns (both in terms of the order and in terms of the asymptotic constant), while the cost of the FFT factorisation grows log-linearly with the number of unknowns in 2D and in 3D. In any case, the random field generation is insignificant in the majority of cases and it takes less than 50% of the computational time in all cases.

**Construction of lattice sequences.** We approximate the expected value of ([4.1](#Equ49){ref-type=""}) by randomly shifted lattice rules obtained using the fast CBC code from the QMC4PDE website [https://people.cs.kuleuven.be/\~dirk.nuyens/qmc4pde/](https://people.cs.kuleuven.be/%7edirk.nuyens/qmc4pde/) (see also \[[@CR16]\]). A typical call to the QMC4PDE construction script would be:

./lat-cbc.py --s=2000 --b_file=\[f\] --m=16 --d1=1 --d2=2 --a3=1 --outputdir=\[o\]

where s=2000 specifies an initial maximum number of dimensions and \[f\] is a file containing the calculated values of $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu $$\end{document}$. See \[[@CR16]\] for an explanation of the other parameters.

In specifying parameters for the CBC construction, we follow the theory of \[[@CR16]\] as closely as possible, but we make a couple of modifications for practical reasons. Firstly, the implementation follows \[[@CR8]\] to construct "embedded" lattice sequences in base 2, so that in practice we can increase *n* gradually without throwing away existing function evaluations. At every power of 2, the points form a full lattice rule which complies with the theory from Sect. [3](#Sec5){ref-type="sec"}. Secondly, with the POD weights in ([3.16](#Equ41){ref-type=""}) the CBC construction to find the generating vector $\documentclass[12pt]{minimal}
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**Estimation of (Q)MC error.** For fixed *h*, we can compute the standard error on the QMC estimate of the expected value of ([4.1](#Equ49){ref-type=""}) by using a number of random shifts. Specifically, for each case we took $\documentclass[12pt]{minimal}
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                \begin{document}$$q=64$$\end{document}$ independent random shifts of one *n*-point lattice rule, giving *q* independent approximations $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q_1,\ldots ,Q_q$$\end{document}$ to the expected value. We take their average $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{\frac{1}{q(q-1)}\sum _{i=1}^q (Q_i-\overline{Q})^2}$$\end{document}$. The total number of function evaluations in this case is $\documentclass[12pt]{minimal}
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                \begin{document}$$N = q\,n$$\end{document}$. According to our theory (see also \[[@CR16]\]), the convergence rate for our randomised QMC method is of the order $\documentclass[12pt]{minimal}
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                \begin{document}$$q^{r-1/2}$$\end{document}$. To provide less erratic curves, the number of random shifts is chosen to be fairly large here. In practice, e.g., $\documentclass[12pt]{minimal}
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                \begin{document}$$q=16$$\end{document}$ shifts would be sufficient. This would effectively push all convergence graphs down, leading to bigger gains for QMC.

We compare QMC with the simple Monte Carlo (MC) method ([1.14](#Equ14){ref-type=""}) based on *N* random samples. Denoting the function values for these samples by $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{\frac{1}{N(N-1)} \sum _{i=1}^N (Y_i-\overline{Y})^2}$$\end{document}$. The expected MC convergence rate is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {O}(N^{-1/2})$$\end{document}$.

In our figures later, we plot the *relative standard error* obtained by dividing the estimated standard error by the estimated mean.

**Computing environment.** All our computations were run as serial jobs on reserved 8-core Intel Xeon E5-2650v2 2.60 GHz nodes on the computational cluster Katana at UNSW (or on almost identical hardware). Since they are embarrassingly parallel, both the MC and QMC simulations could easily be parallelised with roughly linear speedup. We chose to run different jobs in parallel instead of parallelising individual jobs, and to report the actual serial computation times for our test cases.

Results for an *L*-shaped domain in 2D {#Sec11}
--------------------------------------

In this example the domain *D* is the complex 2D domain shown in Fig. [1](#Fig1){ref-type="fig"}: an *L*-shaped region with a hole. We consider five choices for the averaging domain $\documentclass[12pt]{minimal}
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                \begin{document}$$T \subseteq D$$\end{document}$ in ([4.1](#Equ49){ref-type=""}): **T1**the full domain,**T2**the bottom left corner with a circular segment cut out,**T3**the lower right interior square, and**T4**the upper left interior square in a symmetrical location to **T3**,**T5**the *L*-shape near the reentrant corner.

Figure [1](#Fig1){ref-type="fig"} shows the different averaging domains *T*, as well as some of the adaptive meshes that were used. Note that the circular sections of the boundary of *D* are approximated polygonally and the averaging domains **T2**, \..., **T5** are resolved on all meshes. The meshes are adapted to capture the loss of regularity near the reentrant corner, but nevertheless the number of elements grows roughly with $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {O}(h^{-2})$$\end{document}$, the same as for a uniform family of meshes with mesh size *h*. We specify the domain in [Matlab]{.smallcaps} by means of constructive solid geometry (CSG), i.e., the union and subtraction of the basic pieces. This ensures that all the averaging domains *T* are covered by complete elements.

**Mesh errors.** Before we compare the performance of our QMC method with the basic MC method, let us first estimate the discretisation errors for each of the adaptive meshes. In Table [2](#Tab2){ref-type="table"}, we present results for **T1** and **T5** for the case $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {E}[\mathcal {G}(u_h)]$$\end{document}$, obtained using QMC, are stated together with the estimated standard error for each mesh. We use sufficiently many QMC cubature points, so that the significant figures of the estimates are not affected by QMC errors. The product of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_0$$\end{document}$ and *h* is kept fixed (approximately equal to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sqrt{d}$$\end{document}$), as discussed above. From the results we can clearly see that the convergence rate for the discretisation error is $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {O}(h^2)$$\end{document}$ on the given meshes. This shows that the mesh refinement near the reentrant corner is working optimally. Using Richardson extrapolation, we can thus compute a higher order approximation of the limit of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {E}[\mathcal {G}(u_h)]$$\end{document}$ that is stated in the last row of Table [2](#Tab2){ref-type="table"}. The relative error with respect to this extrapolated value is stated in the last column for both **T1** and **T5**.
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The behaviour is similar for the other quantities of interest and for the other values of $\documentclass[12pt]{minimal}
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**QMC convergence rates.** For the remainder we will now demonstrate the dimension independence of our QMC method and its superiority over basic MC. In Fig. [3](#Fig3){ref-type="fig"}, we plot the relative standard error in ([4.1](#Equ49){ref-type=""}) with $\documentclass[12pt]{minimal}
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We note that the convergence graphs are meant to illustrate the convergence behaviour and in practice one would not try to achieve such high precision, especially not on the coarser meshes. One would rather aim to balance the QMC errors with the discretisation errors in Table [2](#Tab2){ref-type="table"}. From the theory, we expect the smoothness $\documentclass[12pt]{minimal}
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A more important observation is the overlay of the convergence lines for the different meshes in the plots of relative standard error versus number of PDE solves in Fig. [3](#Fig3){ref-type="fig"}. For example, for the case $\documentclass[12pt]{minimal}
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                \begin{document}$$m_0$$\end{document}$ from 12 to 96 (see Table [1](#Tab1){ref-type="table"}), while the convergence rate and the asymptotic constant for the relative standard error are clearly independent of the increasing dimension.

In Fig. [4](#Fig4){ref-type="fig"}, we confirm that the superiority is independent of the quantity of interest, by presenting similar graphs as for **T1** also for **T2** and **T5**. We do not include the results for the two symmetrical squares **T3** and **T4**, which look very similar.

Results for the unit cube in 3D {#Sec12}
-------------------------------

Our second example is the unit cube in 3D and our quantity of interest is ([4.1](#Equ49){ref-type=""}) with $\documentclass[12pt]{minimal}
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In Fig. [5](#Fig5){ref-type="fig"} we plot again the relative standard error for six combinations of parameters against the total number of PDE solves and against the calculation time. We observe convergence rates from $\documentclass[12pt]{minimal}
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